Predicting travel time on urban networks using simulation by Awasthi, Anjali et al.
HAL Id: inria-00071764
https://hal.inria.fr/inria-00071764
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
Predicting travel time on urban networks using
simulation
Anjali Awasthi, Michel Parent, Jean-Marie Proth
To cite this version:
Anjali Awasthi, Michel Parent, Jean-Marie Proth. Predicting travel time on urban networks using
simulation. [Research Report] RR-4822, INRIA. 2003. ￿inria-00071764￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
48
22
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
Predicting travel time on urban networks using
simulation
Anjali Awasthi — Michel Parent Jean-Marie Proth
N° 4822
May 2003
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
 
	
 !"#%$&'(*)+ )
 
),-
.,
/0214365879/.:;36<,=?>7
∗ @BA 78CD>EF5GH3%I4EF0J= † K EF360L A 36I47MENGIO6=?> ‡
P9Q2R,SUT.V;WYX[Z\S]2^`_DabZdcfe"T
achgiabZdSUZ`jk_lakZ\che
m Tjkn[joakRSUTjp
cfSUg2^dT,qiTj
rBsbcltuT,avuwNxzyx
y_hg2g%cfsoa m T'sbTp{Q|T,s{p{Q2T}e6~VFfhNWYw_?n lfh.Wl;g|_lfTj
,D2hh rBsbT m Z\p
akZ\checl_hpp
]2s{_DabTabsb_?fT,^akZ\SUT*g2^`_?n[j'_heZdSUg6chskab_leFasbch^\TUZde m n[e|_hS;Z`pUsbch]iabT
f]2Z m _le|p,Tche]2sb|_lee2T,aucfskijP9Q2T m nFe%_lSUZ\paks{_Dp|cDj*TefabT,sbZde|akQ2TNe|T
au#chsb_DTp
aakQ2T
6T,Q%_?FZ\chscl'akQ|TjknijuabT,S_le m abQ2T ¡skTT|cD¢SUcDhTS;TeFaclfT,Q2Z`p
^\Tj£Pc¤joak] m n¥abQ2T p,chSUg2^\T
q
jknijuabT,S m n[e|_hSUZ\pj.cl_he ]2sb|_hee2T,aucfsk"]2e m T,s'D_lsbn[Zde2 Zde|g2]ia'|cDj¦JT;6T,hZ\eZ§abQabQ2T*|_hjkZ`p
]|e2Z§a'chakQ|T;e|T
au#chsb"p_l^\^dT m _ ^\_he2Th;P9Q2T*_le|_h^dnijkZ\j¨clakQ2TU6T,Q|_?[Z\chsHcl9_ jkZde|h^\T©^`_le2T;Z`j m che2T©akc
m T,sbZdfTabQ2Tabsb_?fT,^[abZdSUT¡sbchS£akQ2Tzp{Q%_ls{_hpªabT,sbZ\joakZ`p,jch%abQ2T^`_le2Tf¦labQ2TZ\e2g2]ia|cD¥_he m akQ2T¨p
che%juabsb_hZdeFabj
cfe«abQ2T cf]iakg|]iaU|cD'«P9Q2T"jonijoakT,S¬_he|_l^\nijoZ`j©clabQ2TjkZ\e2h^\T ^`_le|T Z`j©akQ2Te¥_hg2g2^\ZdT m akc akQ|T Q2cf^dT
e|T
au#chsb.¡chsjoak] m nFZ\e2.abQ2T9aks{_le|jo¡T,s­ch%%cDjZde|jkZ m T9akQ2Tze2T
au#chsbx m n[e|_hS;Z`p9e2T,aucfsk'SUc m T,^%Q|_hj
6T,TeUg2skcfg%cFjoT m ¡cfs­akQ|Te2T
au#chsb_le%_l^\n[jkZ`j,x®joZ\S]|^\_lakZ\cheUjoch¯au#_hskT9Q|_fj­%TT,e m ThT,^\chg6T m ]|jkZ\e2.akQ2T
m nFe%_lSUZ\pe2T
au#chsbS;c m T^Q|Z\p{QNfT,e2Tsb_lakT4jaks{_?hT^°abZdSUTj¨cheNakQ2T;e2T
au#chsb]|joZ\e2akQ2T©Zde2g|]ia m _Dab_
_fj­abQ2T|cDjp
chSUZ\e2_laakQ|TzT,eFabsb_he|p
T4j­clJabQ2Tzjkn[joakTS"¦habQ2TzZ\e2ZdakZ`_l^jonijoakT,S±joab_lakTjclakQ|Tz^`_le2T4j_le m
abQ2Tp{Q|_hsb_fpªakTskZ`joakZ`p,jclabQ2T'e2T,aucfsk
²³F´µb¶· D¸h Ps{_Dp¨|cD&¦|Ps{_Dp.X[Z\S]2^`_DabZdcfe°¦|Psb_?fT,^JP9ZdSUTf¦|X[nijuabT,S¹X[ab_DabT
∗ º¡»¼°º¯½¾¼¿,ÀuÁÂ?ÃuÄ?Àu¿ªÂ?Å¡ÆoÇÈ|ÅM¿{ÉÊÃuÀËÆ¨º¡Ì.½¼½Ç|Í?¿ªÎÏ{ÐÑÄ?ÃHÍ4ÃHÒ6¿ªÓÑÂ4ÀoÃoÏ{ÂFÇÔÕ ÈiÕÖo×ªØ4ÇÙ{Ú4ÖoØªÛ;Ü[ÃÝÞ?ÃußMÄDÏoà ÝÃuÍ?ÃËáfÇâ Å8Ï{Ä?ÀuÃ
† º¡»¼°º¯½¼¿,ÀuÁÂ4ÃoÄ4Ào¿ªÂ4ÅÊÆoÇ,È%ÅÊ¿{ÉÊÃoÀËÆ|º¡Ì.½¼°½ÇuÍ4¿ªÎÏ{ÐÑÄ?Ã6Í?Ã|Ò6¿ªÓÑÂ4ÀoÃoÏ{ÂFÇªÔÕ È2Õ
Öo×ªØ4Ç
Ù{Ú4ÖoØªÛÜ[Ã°ÝÞ?Ãuß8Ä?ÏoàÝÃuÍ?ÃËáfÇ â ÅMÏ{Ä?ÀuÃ
‡ º¡»¼º¯½Nã­ä,½åæ%È2ÇÔÂ?ÅÊÃoÏ{Âç?Öo×4Ç?è â ¼äÀuÐÑÃuÄ
Æ8Ð éDÁ,Â?ÃªÇ4èÄ?Ð ê
ÃuÅÊß8Ð ÆMëÍ?ÃÌ.ÃËÆ8ìªÇ,º¯ÓÑÃÍ?Âzä4Ï{Â?ÓÑÀËà
ÇØ
Ù{×4ÖoíÌ.ÃËÆMì
Ç â ÅMÏ{Ä?ÀuÃ
 ¾)J,'
  )   °#+ ) !"
) 


,)©¹, ),-
.

	
  
  _*g2s,[Z\jkZ\che m ]abT,SUg|j¨g2sp
Z`j m T m g2^\_fp
TS;TeFatuch]|T]2esh^\T'Z\S;g6chskab_heFa m _he|j^\Tj
f]2Z m _lfTj m n[e|_hSUZF]2T4jT,e sjkT_h]iq ]|sk|_hZde%j,  Tj'%]iq m ThcfZ§ab]2sbTjF]2Z#T,eFaksbT,eFa m _le|j^dTsjkT_h]
_l6T4pªabT,eFaB^dTp,chSUg6chskakT,SUTefa m T4j­Q2Z`p
]2^\Tjrcf]2s
ab] m Z\T,sB^`_ m n[e|_lSUZF]2T m ]|e*s4joT4_l]]|sk|_hZde*jkch]|j
m Tj©|]iq m T,eFabsTD_lsbZ\_h2^\Tj¦­e2ch]|j,ak] m Z\che%j m _l6chs m ^\T"p
chSUg6chskakTS;TeFa m ]2e2T"hcfZdT skT4pªabZd^\Zdfe2Th
 _he|_l^\nijoT m ] p
cfSUg%cfsoabT,SUT,eFa m ]2e2T*fchZ\TUjkZ\S;g|^dT*T4jua'Ê_hZ§abT*g%cf]2s m  m ]2ZdsbT*^\TUakT,SUg|j m T m ,g|^\_fp
T 
SUTefa m Tjp_ls{_hpªa,sbZ\joakZF]2TjHg2Q[nijkZF]2T4j m T*^`_"hchZ\Th¦ m ]|]iq m T,eFaks,TUT
a m Tjp,cheFaks{_lZ\eFakT4j'jo]2sp,Tj
%]iqJ  _he|_l^\nijoT m ]jknijuabR,SUTp
cfe|joakZdak]! m" ]2e|ThcfZdTjkZdSUg2^\TT4jua_h^dcfsbj]2akZ\^dZ`j#Tg6ch]2s$,ak] m ZdTs^\Tzp
cfS%
g6chskakTSUT,eFa m ] sjkT_h] p,chSUg2^\T
a&zch]|j_?fche|jg2sbchg6cfj¨]2eSUc m R,^\T m n[e|_lSUZf]|T¨g6ch]2s^  _le|_h^dnijkT m T
sjkT_h]°('e^dcfhZ`p
Z\T,^ m THjkZ\S]2^`_DabZdcfe _,a m hT,^\chg|g)fvË^¡cf]2ske|Z§a9^dT4jakT,SUg|j m T m g2^`_hp
TSUT,eFaTefabskT
p{Q%_F]2THT,eFaks,T.T
azp{Q%_F]2T'jocfsoabZdT.Te¡cfe|pªabZdcfe m TH^  
ab_laZde|Z§abZ\_h^ m ]jonijoakRS;T.T,a m Tj#|]2q m T,eFaks,Tf
*£· 4 µ + 
   %]iq m T',,Q2Z`p
]2^\Tj¦2jkZdS©]2^\_lakZ\che m ]aks{_.-%ph¦ m ]2s,T m T.absb_he|jog6chska¦/,ab_Da m ]"jknijuabR,SUT
 
	 !"#$ %'&(&)*&)+,
 
- . ©* 	

Ps{_Dp.|cD}jkZdS©]2^\_lakZ\cheQ|_fj6T,Te_leNT,6T4pªabZdfTSUT
abQ2c m akc_fjkjkTjbjabsb_lpp
cfe m ZdakZ\che|j¡chszD_hskZ\ch]|j
m TjkZdfe2Zde|H_h^§abT,sbe|_DabZdfTjcl%aks{_le|jkg%cfsoa{_DabZdcfe'Ê_hp,Zd^\Z§abZdT4j,v aBQ|_fjTSUT,sbhT m _hj_he©Z\SUg%cfsoa{_leFa­T,D_l^\]|_DabZdcfe
abc[ch^¡chsvËeFabT,^\^dZ\hTefaPsb_he|jkg%cfsoa{_DakZ\che"X[nijuabT,S0/¡vuPX219joaks{_DabT,hZ\Tj#Z\e"skT4p
T,eFanhT4_ls{j,
P9Q2TskTzQ|_hj­6T,Te*S]|p{Q*sbTjkT_hsbp{Q©cheUabQ2Taks{_?hT^[akZ\SUTzg2sbT m Z`pªabZdcfe°vËeUakQ2Tzp,cheFakT,q[aclg2sbT m Z`pªabZdcfe
SUT,akQ2c m cf^dcfhZ\Tj¦­?_hskZ\ch]%jabZdSUT"joTskZ\Tj©SUc m T,^`j43,5h¦Ñ'6_he m _hsoabZ -%p,Z\_h^e|T,]2s{_l^#e2T
au#chsbSUc m T,^`j43 2¦ V 6
Q%_?hT6T,Te m ThT^dcfg%T m .vËeNakQ|T;p,cheFakT,qFaHclZ\e2g2]2a m _Dab_ jocf]2s{p
Th¦6SUcfjoaHg|skTFZ\ch]%j¨joak] m ZdT4j¨]%joT m87 Z\e 
m ZdsbTp
a:9aks{_?hT^|abZdSUT m _lab_43;5f¦ 2¦ <2¦ = 68P9Q2THg|_ls{_lSUT
abT,s{jBchaks{_Dp m _Da{_©jk]|p{Q _fj#hch^\]2SUTh¦[cip,p,]2g|_he|p
n
_he m jkg%TT m #T,sbT*chia{_lZ\e2T mm ZdsbTp
ak^\nh¦Q2Z\^dTaks{_?hT^­akZ\SUT9_hjp_l^`p
]2^`_DabT m _hj©_"¡]2e|p
akZ\che«chakQ2T4joT
g%_ls{_lSUT
abT,s{j,«vËe¥SUcfjoa;chzabQ2T"T
qiZ\joakZ\e2 joak] m Z\Tj;¡cip,]|joT m cfe^\Zde| aks{_?hT^abZdSUT"TjoakZ\S*_DabZdcfe°¦Zda*Z\j
fT,e2Tsb_h^d^\n©_fjkjk]2SUT m akQ|_laabQ2Tzg|_lakQaks{_?hT,^2akZ\S;THZ`jBabQ2TH_ m2m ZdakZ\chechJaks{_?hT^2akZ\SUTjche*abQ2T.p
che%joZ`juabZde|
^\Z\e2ij,?>Q2T,eT
a_h^@3BAC6 joak] m ZdT m akQ2THp
cfS;g|]iab_lakZ\che*clabsb_?fT,^[akZ\SUTz|_fjoT m cheUg|_lakQ|jsb_lakQ2TsBakQ%_le*^\Zde2
vËe _ m n[e|_hS;Z`p;e2T
au#chsb¦JakQ|TUaks{_?hT,^abZdSUTp,chSUg2]ia{_DakZ\che m Tg%Te m j'e2chache2^\nNcfe abQ2T*hTchSUT
absknch
abQ2T'g|_lakQ°¦i2]2a¨_l^`joc;che akQ|Tp
che|hTjoakZ\cheg2sbTjkT,eFa9cheakQ2T_hsbpj#clakQ2T.g|_lakQ°
P9Q2T_hg2g2sbcf_hp{Q|Tjakc joZ\S]|^\_lakTakQ2T"absb_lp3 2¦ D6p,_he¤6TSUZ\p,skcFjkp,chg2Z`pcfs*S*_hp
sbcfjbp
cfg2Z`plP9Q2T
SUZ`p
sbcfjbp
cfg2Z\pz_lg2g2sbcf_fp{QUQ|_hjskT4jo]|^§abT m Z\e p_lsM¡cf^d^\cDZ\e2.akQ2TchsbZdT4jBQ2Z`p{Q joak] m nUakQ2TH6T,Q|_?[Z\chsch°che2T
fT,Q2Z`p
^\T;¡ch^\^dcDZ\e2_le|clakQ|T,s4;vËeSUZ`p
sbcfjbp
chg|Z\paks{_DpUjoZ\S]|^\_lakZ\cheE3;546 ¦°T_fp{Q Z\e m Z\[Z m ]%_l^BfT,Q2Z`p
^\TUZ\j
absb_fp{hT m _he m akQ2TfT,Q2Z`p
^\T  jSUcDhTS;TeFaBZde;akQ|TzjonijoakTS£Z`j m T,akT,sbSUZde|T m [nakQ|Tzp{Q|_ls{_hp
akTskZ`juabZ\pjclakQ2T
m skZ\hTs¦6hTQ2Z\p,^dT©g%Tso¡cfskS*_he|p
Tf¦_he m ZdabjHZ\efabT,s{_hp
akZ\che|j¨Z§abQe2T,aucfsk"fT,chSUT,aksbZ\pjz_le m jo]|sksbch]2e m Zde|
fT,Q2Z`p
^\Tj P9Q|T S*_hp,skcFjkp,chg2Z`p*_lg|g2skcF_hp{QF3,5G5f¦;5?'6Z`jU_le|_h^dcfhch]%j.akcakQ2TchsbZdT4jch|]2Z mm n[e|_hS;Z`p,j©chs
p,cheFakZ\e[]2]2S¢abQ2T,cfskZ\Tj;vËeS*_fp
sbcfjbp
chg|Z\paks{_Dp©|cD£jkZdS©]2^\_lakZ\che akQ2TU%cD  m Te|jkZ§aunsbT,^`_DabZdcfe|joQ|Zdg Z\j
]%joT m abc*hcDhTskehT,Q|Z\p,^dT.SUcDhTS;TeFa_he m akQ2T'Z\e m Z\[Z m ]%_l^°fT,Q2Z`p
^\Tj_hskTHe2claabsb_fp{hT m Z\e abQ2T.SUc m T,^8
P9Q2Tg2skT4joTeFazjuab] m n ¡ch^\^dcDj9abQ2TS*_fp
sbcfjbp
chg|Z\pHjoZ\S]|^\_lakZ\cheN_lg|g2skcF_hp{Q"_le m Z`j m T m Z`p,_DabT m abc*akQ2T
joak] m ncl6_le;]2sk%_lee|T
au#chsb m T -|e2T m [n.abQ2T9Zde2g|]ia­|cDj_DaakQ2T9Tefabsb_he|p
T4jch|abQ2T9e2T
au#chsb'_le m akQ2T
p{Q%_ls{_hpªabT,sbZ\joakZ`p,jch6abQ2Te2T,aucfskP9Q2Tzp{Q|_hsb_fpªakTskZ`joakZ`p,jclakQ|Te2T
au#chsb©_hskT9fcDhT,sbe2T m [nabQ2Tabsb_lp
p_lg|_fp
Zdaunh¦akQ|T ^\T,e2hakQ°¦abQ2Tch]iabg2]ia*p,_lg%_hp
Zdaun_le m abQ2TZde2ZdakZ`_l^9jkn[joakTS-jua{_DakT4jchakQ2T"p
cfe|joakZdak]2Tefa
^`_le|TjP9Q2T.jkn[joakTS±_le|_h^dnijkZ\jcl_jkZ\e2h^\Tz^`_le2T¨Z\j m cfe2TH_he m Z`jBabQ2T,e_lg2g|^dZ\T m abcabQ2TzQ|ch^\Tze2T,aucfsk
abcch%joTskfT'akQ2Taks{_le|jo¡T,s¨cl|cDjzZde|jkZ m TabQ2Te2T,aucfskx m n[e|_lSUZ`p'e2T,aucfsk S;c m T^Z`j¨g2skcfg%cFjoT m
¡cfsHp,che m ]|pªabZde2 akQ|T;e|T
au#chsb"_he|_l^\nijoZ`j¨]2e m TsHD_hskn[Z\e2Z\e2g2]ia.|cDjH_le m Z\e2Z§abZ\_h^­jonijoakT,S joab_lakT4j¨ch
abQ2T.^\_he2Tj9chabQ2T'e2T
au#chsbx}jkcl¯au9_lsbTzQ%_hj96T,T,e m ThT^dcfg%T m ]|jkZde|©abQ2T m n[e|_hS;Z`pHe2T
au#chsb*SUc m T,^
abc*juab] m nabQ2T'T,fch^\]iakZ\checl|cDj_le m p,chSUg2]ia{_DakZ\checlaks{_?hT^6akZ\S;T4jZ\e|joZ m THakQ|T'e2T
au#chsb
P9Q2THsbTjoaclJabQ2THg|_lg6T,s#Z\j#cfskF_le2Z,H,T m Zde8=;jkTpªabZdcfe|jvËejoT4pªakZ\chei¦[T¨ZdeFabskc m ]|p,TabQ2T¨e|clab_lakZ\che|j
_he m g2skT4joTeFa;abQ2Tg2sbch2^\T,S"®X[T4pªakZ\cheZ\j m T m Z`p,_lakT m abc abQ2TN_le%_l^\n[jkZ`j©chH_jkZde2f^dT"^`_le2TjknijuabT,S
]|e m T,s9g2Z\Tp,T,Z`joTHp
cfe|jua{_leFa9Zde2g|]ia%cD¾_le m ch]iabg2]iap,_hg|_hp,Z§aunUclakQ2T.^`_le2Tf­XiTpªabZdcfeV©g2skT4joTeFabjakQ2T
absb_he|jo¡T,sch%cDjZde%joZ m TabQ2Te2T,aucfsk9vËeNjkTpªabZdcfe<i¦|akQ2T m n[e|_lSUZ`p'e2T
au#chsbSUc m T^Z`jg2sbchg6cfjkT m 
XiTpªabZdcfe=.g2skT4joTeFabjabQ2TzjkZdS©]2^\_lakZ\che m T
a{_lZ\^\j_l^\che2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ZdakQ¡]iab]2sbTjkp,chg6THchsbTjkT_hsbp{Q Z\j9g2sbTjkT,eFabT m ZdejkTpªabZdcfeIAi
¼¼¹ÄJ2ç
Úªíªí
V   B  #$&) 	 
	
2    )
    
  #6$£'( {, )
 T
aB]|jBskTg2skT4joTeFa_zabsb_lp9e2T
au#chsb[n©_ m Z\sbTpªabT m 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P9Q2T.Zde|g2]ia|cD _lsbskZ\[Zde|©_Dae|c m T
e ∈ E
_DaabZdSUT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 !  "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f^dT  _he2TX[nijuabT,S
 T
a.]|j¨p,che|jkZ m T,s¨akQ2T;joZ\e2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p,che|joab_heFavËeabQ2Z\jHp,_fjoTf¦|abQ2Te[]2S©%TszchBhT,Q|Z\p,^dT4jg2sbTjkT,eFazZ\e|jkZ m T
abQ2T'^`_le2T'_Da9abZdSUTp,_he 6T'T
qig2sbTjbjoT m _fjI*
nij(t) = nij(t0) + (φ
∗
i − φj) ∗ (t − t0)
/:5C1
 T
a;]|je2cD±_he|_l^\nH,TUakQ|T jkZde2f^dT^\_he2T jknijuabT,S]2e m TsakQ|TZ\ei|]2Te|p
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ν∗ij = νij
P9Q|T'eF]|S6T,scl­p,_hsbj#Z\e|jkZ m T.abQ2Tjkn[joakTS _Da9abZdSUT
t ∈ [t0, tm]
_lsbT¨fZdfT,eFn *
nij(t) = nij(t0) + [{φ
e
ij(t0) − (nij(t0)νij/lij)} ∗ (t − t0)]
P9Q|TzjonijoakTS£#ch]2^ m _Daoa{_lZ\e*TF]2Z\^dZ\2sbZd]|S£ZdakQUakQ|Tch]iabg2]iaB%cD¤6T,Z\e2T f]%_l^iabc'akQ2T
Z\e2g2]2a|cD¾_laakZ\S;T
t′
t′ = t0 + lij/νij
P9Q|TjonijoakT,S+jua{_DakT'p{Q|_he2hT4j_Da9akZ\SUT
t∗
Q2TskT
t∗ = Min(tm, t
′)
>#_hjkT5f 2  *­P9Q2Z\j9Z`j9abQ2Tp,_fjoT.Q2Te
nij(t0)νij/lij > C
o
ij(t0)
­vËeakQ|Z\jp_hjkTh¦[abQ2T.|cD
abQ|_Da*^\T_?fTj©akQ2T"^`_le2T m c[T4j©T,q2p
T,T m j;akQ|Tcf]iakg|]iap,_lg%_hp
Zdaun
Coij(t0)
chzabQ2T"^\_he2Th
'ze m TsakQ2Z`jp,che m ZdakZ\che¦[akQ2T'cf]iakg2]2a|cD¾Z`j
φoij(t0) = C
o
ij(t0)
P9Q|T.aks{_?hT,^6abZdSUT
θij(t0)
¡cfs9akQ2T'fT,Q2Z`p
^\Tj9Z\eakQ2T.^`_le2T'Z`j*
θij(t0) = nij(t0)/C
o
ij(t0)
P9Q|Tjog6T,T m
ν∗ij
clakQ2T'fT,Q2Z`p
^\Tj9Z`j9hZ\hTe [n *
ν∗ij = lij ∗ (C
o
ij(t0)/nij(t0))
P9Q|T'eF]|S6T,scl­p,_hsbj#Z\e|jkZ m T.abQ2Tjkn[joakTS _Da9abZdSUT
t ∈ [t0, tm]
_lsbT¨fZdfT,eFn *
nij(t) = nij(t0) + [{φ
e
ij(t0) − C
o
ij(t0)} ∗ (t − t0)]
>#_hjkT 5hÑiÑi,5 *P9Q2Z\j Z`j*akQ|T p,_fjoTQ|T,e
φi(t0) < C
o
ij(t0)
 vËeabQ2Z\jp,_fjoTf¦9akQ2T
|cD akQ%_Da_lsbskZ\hT4j_laabQ2T.T,eFaks{_le%p
THcl°abQ2T.^\_he2T m c[Tj#e2claT,qip,T,T m jBabQ2T.ch]iabg2]ia
p,_lg%_hp
Zdaun
Coij(t0)
cl6akQ2T^`_le|Th('e m Ts­akQ|Z\jBp,che m Z§abZdcfe°¦labQ2Te[]2S6T,sBch6fT,Q2Z`p
^\Tj
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Zde|jkZ m TUakQ2T*^`_le|T m Tp
sbT_fjoT;_le m abQ2TU^\_he2TUcf]2^ m sbT_hp{QakQ2T*T F]2Zd^\Z\2skZ\]2S ZdakQ
ch]iabg2]ia|cDTF]|_l^abcUakQ2T'Z\e2g2]2a|cD_la#abZdSUT
t′
Q|T,sbT
t′ = t0 + [{(φ
e
ij(t0)lij/νij) − nij(t0)}/{φ
e
ij(t0) − C
o
ij(t0)}]
/<G1
P9Q2TjonijoakTS jua{_DabTp{Q|_le2fTzabZdSUT'Z`jTF]|_h^akc
t∗
Q2TskTf¦
t∗ = Min(tm, t
′)
>#_hjkT5hÑiÑiÑD*#P9Q2Z\j¨Z`jakQ|T©p,_fjoTQ2T,e
φi(t0) = C
o
ij(t0)
zvËeakQ2Z`jHp,_hjkTh¦|akQ2T|cD
akQ|_la_lsbskZ\hT4j_laabQ2TT,eFabsb_he|p
T#cl%akQ2T^`_le2T9T f]%_l^`jakQ2T9ch]2akg2]iap_lg|_fp
Zdaun
Coij(t0)clabQ2T'^`_le2Tf('ze m Ts9akQ2Z`jp
cfe m ZdakZ\che°¦[abQ2T'jua{_DakT.chakQ|TjonijoakT,S±sbT,S*_hZde|j9joab_h2^dT
]2eFakZ\^JakZ\SUT
t∗ = tm
BP9Q2T'cf]iakg2]2a|cD¾sbT,S*_lZ\e|j9p
cfe|joab_leFa_le m Z`j9hZ\hTe [nf¦
φoij(t0) = C
o
ij(t0)
>#_hjkT 5hÑiÑi  *P9Q2Z\j Z`j*akQ|T p,_fjoTQ|T,e
φi(t0) > C
o
ij(t0)
 vËeabQ2Z\jp,_fjoTf¦9akQ2T
|cD®abQ|_Da_lsbsbZdfTj#_Da9akQ2T'TeFaks{_le|p,T¨chakQ|T'^\_he2T¨T,q2p
T,T m j#akQ|THcf]iakg|]iazp,_hg|_hp,Z§aun
Coij(t0)
ch¨abQ2T^\_he2Th 'e m Ts*akQ|Z\jp,che m Z§abZdcfe°¦abQ2TNe[]2S©%Ts*clHakQ2TNfT,Q2Z`p
^\Tj
Zde|jkZ m T.akQ2T'^`_le|THZ\e|p,skT4_hjkTH_he m akQ2T'^`_le2T.#ch]2^ m %T.¡]2^\^_laakZ\S;T
t′
Q2T,sbT
t′ = t0 + [{(cij lij/νij) − nij(t0)}/{φ
e
ij(t0) − C
o
ij(t0)}]
/= 1
P9Q2TjonijoakTS jua{_DabTp{Q|_le2fTj9_Da9abZdSUT
t∗
Q2TskT
t∗ = Min(tm, t
′)
>#_hjkT' *&v a¨Z\j9abQ2Tp,_fjoT.Z\e"Q2Z\p{QabQ2TjkZde2f^dT.^`_le2TjknijuabT,S Z`j9¡]2^\^8P9Q|_laZ\j¦
nij(t0) = cij lij/νij

vËeabQ2Z`jHp_hjkTh¦6akQ|T;S*_lq[Z\S]|S |cD
Ceij(t0)
akQ%_Dap,_he6T;_fp,p
TgiakT m [n"akQ|T;^`_le|TZ`j¨T F]|_l^akc
akQ2TS;Z\e2Z\S]2Scl#akQ|T*aks{_Dp*_hpp
cfS;SUc m _lakZ\chep,_lg%_hp
Zdaun_he m akQ2Tcf]iakg|]ia©p,_hg|_hp,Z§auncl9akQ2T
^\_he2Th
Ceij(t0) = Min{C
o
ij(t0), cij}P9Q2T'ch]2akg2]ia%cD®¡sbchS±abQ2T'^\_he2T.Z\j*
φoij(t0) = Min{C
o
ij(t0), cij}
P9Q2T.aks{_?hT^6akZ\S;T
θij(t0)
¡chs9abQ2T'hTQ2Z\p,^dT4j9ZdeabQ2T'^\_he2T.Z\j*
θij(t0) = nij(t0)/Min{C
o
ij(t0), cij}
P9Q2Tjkg%TT m
ν∗ij
chhTQ2Z`p
^\Tj9T
qiZdakZ\e2U¡sbchS±abQ2T'^\_he2T.Z\j *
ν∗ij = lij ∗ Min{C
o
ij(t0), cij}/nij(t0)
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>#_fjoTi,5 *
P9Q|Z\jzZ\jakQ2T;p,_hjkTQ2Te
φi(t0) ≥ C
e
ij(t0)
vËeakQ|Z\j¨p,_hjkTh¦|akQ2T|cD akQ|_la¨_lsbsbZdfTj_Da¨akQ2T
TeFaks{_le|p,T¨chakQ|TH^`_le|T¨T,qip,T,T m j#chs9Z\j9T F]|_l^6akc;abQ2T.Zde2g|]iazp,_hg|_hp,Z§aun
Ceij(t0)
chabQ2T.^\_he2Th
P9Q|T'Zde2g|]ia|cD¾TeFakT,sbZ\e2;akQ2T'^`_le2T.Z`jI*
φeij(t0) = C
e
ij(t0)
P9Q|Te[]2S©%TsUclzfT,Q2Z`p
^\TjU_hpp
]2S©]2^`_DakZ\e2_DaUakQ2T"Tefabsb_he|p
T clabQ2T"^\_he2T"_lsbT
φi(t0) −
Ceij(t0)
g%Ts]2e2ZdaclakZ\SUThP9Q2T'jknijuabT,S+joab_lakT'p{Q|_he2hT¨akZ\SUT
t∗ = tm

>#_fjoTiÑD*
P9Q|Z\jUZ`j;akQ2TNp_hjkT Q|T,e
φi(t0) < C
e
ij(t0)
vËeabQ2Z\j*p_hjkTh¦akQ2T|cD akQ|_la*_hsksbZ\hTj;_Da
abQ2TTefabsb_he|p
T'chakQ2T^`_le|T m c[Tje|claT
q2p,T,T m jakQ|TZde|g2]ia¨p_lg|_fp
Zdaun
Ceij(t0)
clakQ2T^\_he2Th
'ze m TsakQ2Z`jp
cfe m ZdakZ\che°¦2akQ2T'Z\e2g2]iazp_lg|_fp
Zdaun*clakQ2T'^`_le|THZ`j*
Ceij(t0) = cij
P9Q|T'Zde2g|]ia|cD¾TeFakT,sbZ\e2;akQ2T'^`_le2T.Z`jI*
φeij(t0) = φi(t0)
P9Q|Te[]2S6T,s©clp,_hsbjZde%joZ m T*abQ2T jknijuabT,S m Tp,skT4_hjkTj'ZdakQ«akZ\S;T_le m abQ2T^`_le|Tcf]2^ m
sbT_fp{QNTF]2Z\^\Zd2sbZ\]2S ZdakQ akQ2TUch]2akg2]ia.|cD}6T,Z\e2"TF]|_h^akc akQ2TUZ\e2g2]ia.|cD£_la.akZ\S;T
t′Q|T,sbT
t′ = t0 + [{(φ
e
ij(t0)lij/νij) − nij(t0)}/{φ
e
ij(t0) − Min(cij , C
o
ij(t0))}]
/ A 1
P9Q|TjonijoakT,S+jua{_DakT'p{Q|_he2hT4j9_DaakZ\SUT
t∗
Q2TskT
t∗ = Min(tm, t
′)
&zclakT *­v _;p,_hs#Z`j9Z\eabQ2T.^\_he2TH_la9akZ\S;T
t0
¦2_le m Z§Z§a{j9g%cFjoZdakZ\cheZ`jfZdfT,e FnZ§a{j m Z\joab_he|p
T  ¡sbchS
abQ2T'T,eFabsb_he|p
THclakQ2T'^`_le|Th¦[akQ|T,e"Z§a#ch]|^ m skT4_hp{QakQ2T'Te m clakQ2T'^`_le2T'_la#abZdSUT
tv
*
tv = t0 + {(lij − x)/v
∗
ij}
Q|T,sbT
v∗ij
Z\j9abQ2Tjkg%TT m 
vËeakQ|Z\jp_hjkTh¦i#T'p
che%joZ m T,s#abQ|_DaabQ2Tjua{_DabTHchabQ2Tjkn[joakTS p{Q|_he2hT4j#_laakZ\SUT
t∗
∗ Q2T,sbT
t∗
∗
= Min(t∗, tv)
_he m akQ2T'g6cfjkZ§abZdcfe
z
chabQ2Tp,_hs9ZdeakQ|T'^\_he2T.Z\j
z = (t∗
∗
− t0)v
∗
ij + x
Q|T,sbT
0 ≤ x ≤ lij
­v 
x > lij
¦[akQ|Tp,_lsZ`j9e2c*SUchsbTHZdeakQ|T'^\_he2Th
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a]|jp,che|jkZ m T,sabQ2T jkZ\e2h^\TN^`_le2TjonijoakT,S m Tg2Z\p
akT m Zde KZ\h]|skT 5f£P9Q2T ^dTe2labQ®cl'abQ2T^`_le2TZ\j
lij = 10
¦JakQ|TUaks{_Dp©_fp,p,chSUSUc m _DakZ\chep,_hg|_hp,Z§aunZ`j
cij = 20
_he m abQ2T*jog6T,T m clabQ2Tp,_hsbj
ν = 1

P9Q|T¨e[]2S©%Ts#chp_ls{jg2sbTjkT,eFa9Zde%joZ m T¨akQ2T'jkn[joakTS _Da#akZ\SUT
t0
_hskT
nij(t0) = 150
SRT'_hjbjo]|S;T¨akQ%_Da
abQ2T.Zde|g2]ia|cDj_he m abQ2T'ch]2akg2]iap_lg|_fp
Zdaun*clakQ2T.^`_le2T.sbT,S*_lZ\e|j9g2Z\Tp,T,Z`joT.p
cfe|jua{_leFacheZdeFabT,sb?_h^\j
[t0, t1], [t1, t2], ..
T,abph
P9Q2T.g2Z\Tp,T,Z`joT.p
cfe|joab_leFa#Zde2g|]ia9|cD
φe
_hsksbZ\FZ\e2_laabQ2T.T,eFaks{_le%p
THcl°abQ2T.^\_he2T¨Z`j#g2sbTjkT,eFakT m Z\e
P_l|^dT.i­P9Q2THch]iabg2]iap,_lg%_hp
Zdaun
Coij
clJakQ|T.jkZ\e2h^\Tz^`_le2THjonijoakTS±Z\j#hZ\hTeZ\e P_l2^\T¨|Pc©aks{_hp
TzakQ2T
g6cfjkZdakZ\checlabQ2T'p,_hsbj#Z\e|joZ m THakQ|T.jknijuabT,S"¦2_;skT m p_ls9Z\j9Z\eFaksbc m ]|p
T m _la9akQ2T.T,eFabsb_he|p
THclakQ2T.^`_le2T'_Da
m Z§T,sbT,eFa9akZ\SUTjC/ÊP_l2^\T 1

P_h2^dT 5 *­vËe2g2]ia?K^\cD
(φe)
ij#abZdSUT
φe  )  )' 54  Ëh
5C< h.:<l
l <h. AD
5 Al.5f
P_h2^\T' * N ]iakg2]2a >#_lg|_fp
Zdaun
(Coij)
ij9abZdSUT
Coij 
 )  )' 
5'< .5
54 5  f
h h  =f
5'< =h  54h
 T
a]%jBe2cD _le%_l^\n*HT9akQ2T¨jonijoakT,S 6T,Q|_?[Z\chsB]2e m T,s#D_lsbnFZ\e2'Z\e2g2]ia|cDjB_he m ch]iabg2]ia9p,_lg%_hp
ZdakZ\Tj
ch¨abQ2TN^`_le2T _Da m Z`jkp,skT,akT"abZdSUTZ\eFakTskD_l^`jP9Q2TNsbTjk]2^dabjU¡cfs*akQ|T_l6cDhT"e[]2SUT,sbZ\p_l^T,q2_lSUg2^\TN_lsbT
g|skT4joTefabT m ZdeP_l2^\T'2v azp,_he 6TjkT,T,e"Z\eP_l|^dT*
J K2cfsabZdSUT ∈ [0, 10], [30, 40], [50, 60], [80, 100] ¦%akQ|T Z\e2g2]ia©|cD _le m akQ2Tch]iabg2]ia©|cD m ce2cla#T
q2p
TT m abQ2T¨p_lg|_fp
Zdaun;p,che|joaks{_lZ\eFabjclJakQ|Tz^`_le2TH_le m abQ2T,sbT
¡cfskTabQ2T.p,_ls{jBsbT_fp{Q;akQ2THT
qiZdaZ\e
SUZde2Z\S]|S akZ\SUThP9Q|T¨absb_?fT,^6akZ\SUT.¡chs#akQ|T'skT m p_ls9T,eFakTskZ\e2;akQ|TjonijoakT,S+_Da9akZ\SUT2¦2h;_le m
<l;Z`j9TF]|_l^abcI5|
J K2cfs'akZ\SUT*ZdeFakTskD_h^ [40, 50] ¦akQ2TZ\e2g2]2a_le m akQ|Tch]iabg2]ia'|cD m ce2chaT
q2p
TT m akQ2Tp_lg|_fp
Zdaunp
cfe|juabsb_hZdeFa{j9clakQ2T'^`_le2T_he m akQ2Te[]2S©%TsclhTQ2Z\p,^dT4jp
cfefabZde[]2T.abcUskTSU_hZdep,che|joab_hefaZ\e|jkZ m T
º¡»¼°º¯½
 
	 !"#$ %'&(&)*&)+,
 5 5
P_l2^\T' *­Psb_?fT,^JP9ZdSUT_he m Xin[joakTS¹XFa{_DabT
# '&)  #"   + 
t0   t∗    '   	  ))'       
   nij(t)" + )   
	?  
t ∈ [0, 10] t∗ = 10, θij = 10 nij(t) = 150− 3 ∗ t
φ∗i = 12, Cj = 15
 
	?+   &  
nij(0) = 150
Ci = 20, φj = 15
 
	?+   
&  
nij(10) = 120 
t ∈ [10, 20] t∗ = 20, θij = 12 nij(t) = 120 + 2 ∗ (t − 10)
φ∗i = 12, Cj = 10
 
	?+   &  
nij(10) = 120
Ci = 20, φj = 10 xij(20) = 8.334 nij(20) = 140 
t ∈ [20, 30] t∗ = 30 nij(t) = 140 + 5 ∗ (t − 20)
φ∗i = 15, Cj = 10 xij(20) = 8.334 nij(20) = 140
Ci = 20, φj = 10
 
	?+   
&  
nij(30) = 190 
t ∈ [30, 40] t∗ = 40, θij = 10 nij(t) = 190− 4 ∗ (t − 30)
φ∗i = 15, Cj = 20
 
	?+   &  
nij(30) = 190
Ci = 20, φj = 19
 
	?+   
&  
nij(40) = 150 
t ∈ [40, 50] t∗ = 50, θij = 10 nij(t) = 150
φi = 15, Cj = 20
 
	?+   &  
nij(40) = 150
Ci = 20, φj = 15
 	?    
&  
nij(50) = 150 
t ∈ [50, 60] t∗ = 60, θij = 10 nij(t) = 150 + 5 ∗ (t − 50)
φ∗i = 20, Cj = 20
 	?    &  
nij(50) = 150
Ci = 20, φj = 15
 	?    
&  
nij(60) = 200 
t ∈ [60, 70] t∗ = 70, θij = 13.34 nij(t) = 200
φ∗i = 15, Cj = 15
 
	?+   &  
nij(60) = 200
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we(70) = 50 
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φ∗i = 15, Cj = 15 xij(70) = 7.5 nij(70) = 200
Ci = 15, φj = 15
 
	?+   
&  ! "$#%&
nij(80) = 200 
t ∈ [80, 100] t∗ = 100, θij = 13.34, t
∗
∗
= 93.34 nij(t) = 200− 5 ∗ (t − 80)
φ∗i = 10, Cj = 15
 8	    &  '
nij(80) = 200
Ci = 20, φj = 15
 	?    
&  ($#%&
nij(100) = 100
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